We present a new analysis of the m 2 s -corrections to Cabibbo suppressed τ -decays employing contour improved resummation within an effective scheme. The whole perturbative QCD dynamics of the system is described by one β-and two γ-functions for the effective mass parameters of the strange quark in different channels. We analyze the stability of our results with regard to higher order terms in the perturbative expansion of the renormalization group functions. A numerical value is extracted for the strange quark mass in the MS scheme which is given by m s (M τ ) = (130 ±27 exp ±9 th ) MeV. This translates into m s (1 GeV) = (176 ±37 exp ±13 th ) MeV.
Introduction
The τ -system offers the possibility to confront QCD with experiment in the low energy region. The very high precision of both experimental and theoretical results makes τphysics an important testing ground for QCD [1, 2, 3] . Theoretically the observables of the τ -system are related to the moments of the spectral density of a correlator of hadronic currents which can be reliably calculated within perturbation theory [4, 5, 6] . The τ -system observables were therefore studied extensively in the past few years within the standard operator product expansion approach [7, 8, 9, 10, 11] .
Judging from the analysis of the moments of the hadronic spectral density in the finite energy interval (0, M 2 τ ) within finite order perturbation theory (FOPT) there are strong indications that the ultimate theoretical accuracy for τ -decay observables has already been reached [12] . The perturbation series appears to be asymptotic and the ultimate accuracy it can provide depends on the concrete numerical value of the expansion parameter. In the case of the τ -system the strong coupling constant is not small which can lead to asymptotic growth of the perturbation series already at a rather low order. This limits the theoretical accuracy which can be obtained within finite order perturbation theory. In fact, there are indications that the series expansion is becoming divergent already at N 3 LO. The convergence behavior of the perturbation series for τ -lepton observables depends on the region of the spectral density which is being probed: if the low energy region is suppressed (as for high moments of the spectral density) the asymptotic limit of the series moves to higher order terms. The expansion in m 2 s makes the asymptotic behavior of the series worse in the sense that the convergence of the coefficient functions of consecutive m 2 s corrections become worse [13] . The reason is clear -they are more sensitive to the low energy region which is not described by perturbation theory. For some observables the present accuracy of experimental data is already comparable with the ultimate theoretical accuracy reachable in FOPT [2, 3] . This raises the problem of obtaining more precise theoretical formulas. Higher order terms of FOPT (though they are very desirable and provide additional information) will not give more precise results if the asymptotic limit is already reached and must simply be discarded in FOPT applications. With improving experimental accuracy it is necessary to find a new interpretation of the perturbation series if one wants to reach a theoretical precision comparable to that of the experimental data. One possibility to extract numerical results from a perturbation series is to apply a resummation procedure (see e.g. [14] ). This is more sophisticated than just adding terms to the perturbation series until they start to grow again. The choice of such a resummation procedure is not unique and there are many ways to resum or improve the convergence of an asymptotic series e.g. [15, 16] . We think that there are two important criteria for the choice of an appropriate resummation procedure: the renormalization group structure of the perturbation series should be respected and the definition of the effective parameters used for the description of the observables should be physically motivated. Led by these two criteria we use contour improved perturbation theory (CIPT) [17] (see also [18] ) in an effective scheme (not MS) to resum perturbation theory contributions.
Within CIPT the procedure of resummation is, however, not unique. A freedom in the choice of different schemes remains which will affect the final results [19] . We choose an effective scheme which we consider to be natural and to be the simplest for the τ -system. Note that the choice of an adequate scheme is also dictated by the way the system is to be described. The basic object for a FOPT analysis is the spectral density which determines the effective coupling in this procedure [12] . In CIPT the correlator is the basic perturbation theory object. Within the effective scheme approach all corrections to the correlator are absorbed into the definition of the coupling in the massless case [20, 21, 22, 23, 24, 25] and into two effective parameters represent-ing the two mass scales m 2 q and m 2 g in the q-and the g-pieces of the correlator. These parameters are perturbatively related to a finite strange quark mass. For vanishing quark masses the resummation analysis along these lines was done in [19] . In this paper the resummation analysis in the effective scheme is extended to m 2 s corrections. An analysis of the m 2 s corrections within CIPT in the MS-scheme was performed in [26] (see also [27] ). Our results of resummation within the effective scheme approach confirm the main conclusions of the paper [26] . In order to get an understanding of the reliability of our procedure we evaluate the stability of our results with regards to higher order corrections to the renormalization group functions.
Resummation in an effective scheme
In the first step of our analysis of the τ system we define an effective scheme in which all higher order corrections are absorbed into the effective coupling and two mass scales. If such a scheme is used for describing the system the only perturbative objects are one effective β-and two effective γ-functions. Using these three functions we determine the evolution of the effective coupling and the two mass coefficient functions on the contour in the complex plane. Within this procedure the β-and γ-functions are treated as exact functions which is a standard understanding of RG summation. Having the explicit solutions for the running coupling and the mass coefficient functions in hand we can determine observables such as the moments of the decay rate simply by integrating the coefficient functions with a weight function specific to the observable.
Definition of an effective scheme
The basic theoretical quantity for τ -decays is the correlator of two hadronic currents
with j µ (x) =ūγ µ (1 − γ 5 )s. Π q (q 2 ) and Π g (q 2 ) are scalar invariant functions. We work within QCD with three light quarks. The correlator is normalized to unity in the leading (parton model) approximation with massless quarks. By expanding Π q (q 2 ) and Π g (q 2 ) in terms of powers of m 2 s /q 2 and keeping only the first order term in this expansion one has
where Π(q 2 ) is an invariant function already known from the mass zero case. The functions Π i (Q 2 )(i = m q , m g ) with Q 2 = −q 2 are computable in perturbation theory in the deep Euclidean region Q 2 → ∞. The results of perturbation theory calculations for the correlator eqs. (2, 3) were obtained in [28, 29, 30, 31] and have already been used in the FOPT analysis [12] .
We define new effective quantities a, m 2 q , m 2 g such that all information from perturbation theory is absorbed into new effective β-and γ-functions. For the mass correction we have to introduce two different mass parameters because the correlator is not transverse. Our definitions are
In terms of the MS quantities (α s and m s ) the effective parameters in eq. (4) read
2.2 Running of the coupling and the coefficient functions
The behavior of the effective coupling a(Q) and the coefficient functions of the mass parameters C q,g (Q) is determined by the effective beta and gamma functions. The defining equations are
The RG functions β and γ g,q describing the evolution in the effective scheme can be expressed through the MS scheme RG functions (the standard β-function and the mass anomalous dimension γ) using the relations in eqs. (4, 5, 6, 7) . The explicit formulas are given in the Appendix. Up to the relative order α 3 s the RG functions β and γ in the MS scheme have been calculated in [32, 33, 34] . Under the RG transformation eqs. (5,6,7) the β-and γ-functions are transformed to effective β-and γ-functions (8, 9, 10) . Note that first two coefficients of the β-function β 0 , β 1 and first coefficient of the γ-function γ 0 are invariant under RG transformations. Numerically the RG functions are given by
In the following we use the numerical value a(M 2 τ ) = 0.1445 [35] for the effective coupling in eq. (4) extracted from the τ -decay rate into nonstrange particles within the effective scheme resummation procedure described in [19] . The effective β-function converges well at the numerical value a(M 2 τ ) = 0.1445 for the effective charge a(M 2 τ ). If the coefficient k 3 lies in the range 0 < k 3 < 50 (which is a conservative estimate based on a number of predictions) the a 3 coefficient in eq. (11) will not be extremely large but nevertheless the β function (11) shows asymptotic growth in the N 3 LO for k 3 > 35. The γ g -function behaves worse than the β-function but still convergence persists up to the NNLO. The N 3 LO correction will show asymptotic growth for values of k 3 smaller than 129. The γ q -function in eq. (13) has already shown an asymptotic growth in the NNLO which will limit the precision of our results. The βand γ g -function will show asymptotic growth in the N 3 LO because no choice of k 3 can make them converge well simultaneously. This confirms the conclusions of ref. [12] where the asymptotic growth was found for the FOPT expressions of the moments of the spectral density in N 3 LO independently of the choice of k 3 .
The running of the coupling and the mass coefficient functions C q,g (Q 2 ) along the contour is determined by the renormalization group equations. We parameterize the contour by Q 2 = M 2 τ e iφ , −π < φ < π which leads to the differential equations
where a 0 = a(M 2 τ ) and
with n = q, g. The solution of the equation for the running mass in terms of the
The initial values for a(φ) and C n (φ) are fixed at Q 2 = M 2 τ or φ = 0. All corrections stemming from higher order perturbative terms are absorbed into the β-and γ-function coefficients if the effective scheme is used as it is defined in eq. (4).
The solutions for the coupling a(φ) and the coefficient functions C q (φ) are shown in figs. (1, 2) . The effective coupling does not change much if higher order corrections of the β-function are used. C g (φ) appears to converge uniformly in the interval |φ| < π going from NLO to NNLO while C q (φ) ( fig. (2) ) does not converge well in the vicinity of φ = ±π (near the physical cut) because of the big change in the γ q -function (eq. (13)) from NLO to NNLO. 
Resummation
We use the direct generalization of the resummation procedure described for the massless case in ref. [19] . We treat the renormalization group functions as exact functions and solve the differential equations for the running parameters eqs. (14, 15) .
For the massless part of the correlator we define moments of the spectral density by For the g-part the expressions are very similar. One has
In the q-part we use the definition of the physical moments given in [12] . The corresponding expression on the contour is
The moments of the massless part M(n) and the mass corrections M q,g (n) are the basic objects which can be calculated. Our qualitative conclusions about the stability of the running parameters due to the higher order corrections to the β-and γ-functions are confirmed by the behavior of the moments. In the massless and in the g-part the results do not change much going from LO to NNLO while the NNLO corrections for moments of the q-part are larger than the previous corrections. In the massless and in the g-part the values of the moments are dominated by the second integral in eqs. (17, 18) because the values of the oscillating integrals in eqs. (17, 18) decrease for high moments. This stabilizes the behavior of the moments with regards to the inclusion of higher order terms of perturbative expansion for RG functions. In the q-part (eq. (19)) there is no such term and the numerical values for the corrections due to higher order terms are rather irregular.
Determination of m s
One of the important aims of the analysis of Cabibbo-suppressed decays is the extraction of the mass parameter m s . Different observables can be used for this purpose.
Here we consider the total decay rate. Experimental data for Cabbibo-suppressed decays are not very precise. Contrary to this the theoretical expressions are known to a very high degree of accuracy in terms of perturbation theory expansion coefficients.
The theoretical expression for the m 2 s corrections to moments (k, l) of the differential decay rate are given by the contour integral in the complex q 2 -plane
where the superscript (k, l) denotes an integration with additional weight factors which suppress the high (k > 0, l = 0) and low (k = 0, l > 0) energy region. We use the (0, 0) moment as our best estimate. Other moments are briefly discussed and reasons are given for not using them. To choose a special linear combination of moments is equivalent to integrating the running parameters with a special weight function.
Whether the corrections to a given linear combination are big or not can depend 
Relation of the MS mass to effective mass parameters
Within the effective scheme approach the τ -system is described in its own terms with the mass parameters m q,g . In order to obtain a value m s which can be compared with other determinations we express the natural mass parameters of the τ -system m q,g through the MS mass parameter m s . We emphasize that this is only done for purposes of comparison. In principle, observables in the τ -system are best described by their internal parameters a, m q and m g . The relation between observables within the τ -system can be found without any reference to MS scheme parameters.
Perturbation theory is parametrized by a mass scale and the coefficients of the evolution (RG) functions. In the massless case these are the scale parameter Λ and the perturbation theory coefficients of the β-function [36, 37] . In the massive case there are in addition the invariant mass M to be defined in (21) and the coefficients of the γ-function. As in the case of the scale parameter Λ the invariant mass M can be defined in different ways. The concrete definition is determined by the given behavior at large momenta. This is the way Λ MS is fixed. We define the invariant mass M in an µ independent way by writing
Note that M is renormalization group invariant. That means that if m(µ 2 ) is redefined the change is absorbed by the corresponding change of the γ-function so that M remains invariant up to the order in the coupling which was taken into account. The RG invariance of M can be used to relate masses in different schemes. After squaring eq. (21) we find the relation between two mass definitions in different schemes with the γ-functions γ(a) and γ ′ (a) expanded in terms of the same coupling a. In our analysis we use the effective coupling as it is defined in eq. (4) and relate m 2 n to m 2 s by
Eq. (22) relates two masses expressed through the same coupling. Therefore the γfunction of the MS mass should be rewritten in terms of the effective parameter a. It is also possible to use eq. (21) written in the MS scheme and in the effective scheme.
Then one determines the relation between the masses m q,g and m s by eliminating the invariant mass M directly
Here a n is equal to a for both masses m q,g . Both procedures lead to close numerical values for the coefficients ω q,g relating the effective mass parameters to m q,g to m s .
The numerical difference for ω q and ω g obtained from these two procedures described by eqs. (22) and (22) turns out to be less than 3% which is the residual scheme dependence of the results. Eqs. (22, 23) allows us to express the internal parameters m q,g through the standard parameter m s (see eqs. (6, 7) and (9, 10) ). For the coefficients relating the effective mass parameters m q,g to the reference MS mass m s we find m q = ω q m s , m g = ω g m s , ω q = 1.73 ± 0.04, ω g = 1.42 ± 0.03 .
The coefficients ω q,g are not close to 1 which shows that the MS scheme is rather unnatural for the τ -system. The FOPT expansion for the coefficients ω q,g has been obtained in ref. [12] and does not converge well which forces us to use the exact RG conversion given in eqs. (22, 23) .
Power corrections from dimension D = 4 condensate terms
For the determination of m s one needs not all D = 4 condensate corrections to the decay rate but only those that enter the difference δR kl
Here R kl τ s=0,1 is defined as
and dR τ s=0,1 /ds is the differential τ -decay rate into hadrons with strangeness 0, 1 and energy √ s. Neglecting terms of the order m 3 s /M 3 τ and setting the u and d quark masses to zero, we keep only the most important term linear in m s . We find the final
where N c = 3, and S EW = 1.0194 describes electroweak corrections [38, 39] . The D = 4 correction is taken to leading order in the MS scheme. Higher dimension corrections are not taken into account. The corresponding coefficients T kl are given by T kl = 2 (δ l,0 (k + 2) − δ l,1 )
in the LO approximation. For the first few moments the numerical values for the coefficients multiplying the quark condensate are T 00 = 4, T 10 = 6, T 20 = 8, T 01 = −2, T 11 = −2 . 
Numerical results
We have set up all ingredients necessary for the evaluation of eq. (27) . Table 1 gives the coefficients of the q and g mass parameters in eq. (20) . The moment (0, 0)
is the most reliable one from the point of view of perturbation theory. It exhibits the good convergence. Note that the perturbative convergence is the main concern both in the massless and the massive cases of the analysis. In the massless case the nonperturbative corrections are small if factorization is used for the four-quark condensates [11, 40, 41] . 
The coefficients
As for the term in eq. (27) which is linear in m s we calculate its coefficient using a phenomenological value for the quark condensate. For numerical estimates we use (31) and ūu = −(0.23 GeV) 3 . Substituting the results we get the defining equation for
The dimension-four term contributes from 10% to 15% to the total theoretical results.
We use the experimental data obtained by the ALEPH collaboration [2] . The results for m s (M 2 τ ) from different moments δR kl τ are given in table (2) . For the determination of m s only the moment (0, 0) is used. Higher moments with the weight function 
which is solved by X = m s /(130 MeV) = 1.00 (using two decimal places accuracy).
This leads to our final prediction for the strange quark mass at M 2 τ . We also give the value for m s (1 GeV) obtained from m s (M 2 τ ) with four loop running and n f = 3 m s (M τ ) = (130 ± 27 exp ± 3 ss ± 6 th ) MeV m s (1 GeV) = (176 ± 37 exp ± 4 ss ± 9 th ) MeV .
Note that our final result for the numerical coefficient in front of the m 2 s correction agrees with a previous estimate obtained in the MS scheme [26] within one standard deviation. In the present paper we find 20.2±2 for the coefficient of the m 2 s correction while the previous estimate was 18.1 ± 2.6 [26] . The present value results from an analysis with much stricter criteria of convergence. The interpretation of the perturbation series in a closed manner allows one to reduce the theoretical uncertainty of the extracted numerical value of the strange quark mass.
The resulting values of the strange quark mass are close to older estimates obtained in [45, 46, 47, 48] using less accurate theoretical input formulas and less precise experimental data. The recent analysis based on (pseudo)scalar correlators with a thorough parameterization of experimental data gives a value close to ours [49, 50] .
In a lattice calculation of the strange quark mass [51, 52] the theoretical input is of nonperturbative nature. The recent results obtained with lattice calculations are smaller than our value for m s but still inside the error bars.
As concerns the invariant mass M defined in eq. (21) we obtain for it the following numerical value M = (312 ± 65 exp ± 7 ss ± 14 th ) MeV .
Conclusion
We have considered the m 2 s -corrections in a QCD-based description of the τ -system. We use a natural effective scheme well suited for a contour improved perturbation theory analysis. The quality of our results is determined by the β-and γ-functions which are the only perturbative objects in our analysis. The γ q -function already shows asymptotic growth at NNLO while the β-and γ g -function still 'converge' up to this order. In our discussion of the N 3 LO terms of these functions (which depend on the unknown parameter k 3 ) we found strong indications for asymptotic growth at this order. This shows that the ultimate theoretical limit of perturbation theory estimates is already reached for the set of observables in the τ system considered simultaneously. Nevertheless our procedure opens the possibility of internal τ -system tests of QCD with a very high precision. This is not yet an actual problem because of the insufficient precision of the experimental data on Cabbibo-suppressed τ -decays especially regarding the differential τ -decay rate. The experimental situation may, however improve soon. In this field the effective scheme approach can show its real power because then the main source of theoretical uncertainty, the relation of the internal mass parameters (m q , m g ) to the MS parameter (m s ), will be eliminated.
Note that for a QCD test following our approach it is necessary to relate four τobservables to each other because the three parameters a, m g and m g have to be fixed.
Our result for the strange quark mass is m s (M 2 τ ) = (130 ± 27 exp. ± 9 th. ) MeV which corresponds to m s (1 GeV) = (176 ± 37 exp. ± 13 th. ) MeV. This is consistent with previous results where the resummation was done in the MS scheme [26] . The main theoretical uncertainty of our result comes from re-expressing effective quantities in terms of MS parameters. The advantage of the procedure presented here is that the estimate of the accuracy is not based on the decomposition of the result into terms coming from corrections to the correlator in the MS scheme. This decomposition seems unnatural in resummed perturbation theory as it introduces an additional uncertainty related to the convergence of the series for the correlator in the MS scheme. Within the effective scheme approach all sources of uncertainty are collected into the β-and γ-functions that provides a solid ground for estimating the accuracy of theoretical expressions.
For the effective γ-function coefficients of eq. (9,10) in terms of the MS β-and γ-function coefficients we find
Here k nj with n = q, g stand for the coefficients of eq. (6) if n = g and for the coefficients of eq. (7) if n = q. Numerical values for all necessary coefficients in the MS scheme have been collected in [12] where further references can be found.
